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Sample questions for MATH4060 Midterm Exam

. State and prove Rouché’s theorem, about the comparison of the number of zeroes between

two holomorphic functions.

. Suppose f is holomorphic on C \ {0}, and has an essential singularity at 0. If £ > 0, let

D! be the open punctured disc {z € C: 0 < |z] < €}. Show that for any € > 0, the image
under f of D, is dense in C.

. Weierstrasss theorem states that a continuous function on [0, 1] can be uniformly approx-

imated by polynomials. Can every continuous function on the closed unit disc in C be
approximated uniformly by polynomials in the variable 27

. Let D be the open unit disc {z € C: |z| < 1}. Suppose f is a non-vanishing continuous

function on D that is holomorphic in . Prove that if
|f(2)]=1 whenever |z| =1,

then f is constant.

. Let a > 0, and S be the strip {z € C: |Im z| < a}. Suppose f is holomorphic on S, and

there exists a constant A such that

|f(z+idy)| < for all x + iy € S.
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Show that for any b € [0, a), there exists a constant B such that the Fourier transform f
of f satisfies R
1F(€)] < Be 2™kl for all ¢ € R.

. Show that for any z € C that is not an integer, we have

oo

Z 1 _ 2
(z+n)?  sin%(nz)

n=—oo
Hence, or otherwise, deduce a factorization of sin(7z) into an infinite product.

(a) Suppose {f,} is a sequence of functions on a domain €2, and f,, converges uniformly
to some function f on Q. If {f,} is uniformly bounded, in the sense that there exists
a constant M such that |f,(z)| < M for all n € N and all z € Q, then ef* converges
uniformly to e/ on .

(b) Suppose {gn} is a sequence of functions on a domain §2, and there exists a sequence
of non-negative numbers {c,}, with Y>> | ¢, < oo, such that

lgn(2) — 1| < ¢, foralln € Nand all z € Q.

Using (a), or otherwise, show that H?Zl gj converges uniformly on  as n — oo.

. Find the Hadamard factorization of the function cosh z — 1.

. Show that if f is an entire function of finite order that omits two values, then f is constant.

Show that the equation e* — z = 0 has infinitely many solutions in C.



